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QCD, Strongly Correlated electron system and  M-theory share  
a common fundamental problem :  

 
 

How to calculate the strongly interacting manybody system?  
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Prologue	



Interaction between particles 
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•  If Neglected : manybody theoryà 1particle theory 
       Band theory, shell models   

•  If weak : theory of quasi-particle = fermi liquid theory  ����� 

1

p2 �m2
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⇤ � ⌃

 Look at the Spectral function as we increases the coupling: 
   Pole à resonance à background    

   Strong coupling à Loss of particle character  

Effect of strong coupling  
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After disappearance of (quasi-) particles? 
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Quantum Critical Point, Fermi arc, Strange metal, …..  
Characteristic phenomena of strongly interacting systemè Non-Fermi Liquid	
     

Quantum	
CriLcal	point	

Fermi	arc	
T-linear	ResisLvity	



 
 
 
 
 
 
 
 

 
  

Quantum Criticality    
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Divergence after regularization (at g_c) 
•  Meaning of divergence: Presence of phase transition 

If second order,  QCP 
     1. loss of original degree of freedom 
     2. appearance of new scale free field.  
 
•  Classification of QCP:  
 
•  key:  if massless particle has a relevant  
•  interaction à No solution in field theory  

 ßà  QCD   
 
Need new field theory!     

A ⇠ c0 + c1g + c2g
2 + ...

Z,	θ:				ω=kz,			[s]=D-θ	 g	

Energy	



A	Historical	remark	:	birth	of	string		Theory.	
	

–  60’:	100	resonances.	

	
	
–  Gauge	theory	for	isospin		from	1954,	but	(str-coupling	+	mass	prob)	
–  Field	theory	abandoned	à	S-matrix	theory		

AxiomaLze:	AnalyLcity,	unitarity,	relaLvity,	crossing	sym,	causality,			
(field	theory	property	for	weak	coupling+	Bootstrap	idea	from	here)		

–  1968	Veneziano	found	a	soluLon	àNambu,	Nielson,	Susskind		read	it	as
	spectrum	of	vibraLng	string	:	appearance	of	extended	object	out	of	stro
ng	interacLon!	It	fits	data	of	Regge	trajectory.		

–  MSG:	String	theory	was	discovered	in	solving	strong	coupling	problem!	
–  And	it	was	an	alternaLve	for	low	energy	QCD.		 7	



Amer	30	years		

•  Physicists	came	up	with	Another	alternaLve		:		
	
	 	 	 	 	AdS/CFT	
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Figure 3: !e sketch of the AdS/CFT correspondence.
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               AdS/CFT       (Maldacena 1997) 

AdS5 ⇥ S5

������������������à  QCP(z,θ) 

N=4 SYM 

Reminder�

1 Introduction

The AdS/CFT correspondence, sometimes called as gauge/gravity duality, is a conjectured relationship

between quantum field theory and gravity. Precisely, in this correspondence, quantum physics of strongly

correlated many-body systems is related to the classical dynamics of gravity which lives in one higher

dimension. On the other hand according to the AdS/CFT dictionary, an AdS geometry at the gravity

side could only address the conformal symmetry of the dual field theory. However, the generalization of

gauge/gravity correspondence to geometries which are not asymptotically AdS seems to be important

as long as such extension may be related to the invariance under a certain scaling of dual field theory

which does not even have conformal symmetry. Such generalization of AdS is actually motivated by

consideration of gravity toy models in condensed matter physics (the application of such generalization

can be found, for example, in [2]). A prototype of this generalization is a theory with the Lifshitz fixed

point in which the spatial and time coordinates of a field theory have been scaled as

t → ζzt, x⃗ → ζx⃗, r → ζr, (1.1)

where z is the critical dynamical exponent. From the holographic duality point of view, for a (D + 1)-

dimensional theory, the corresponding (D+ 2)-dimensional gravity dual can be defined by the following

metric

ds2D+2 =
−dt2

r2z
+

dr2

r2
+

1

r2

D
∑

i=1

dx2
i , (1.2)

where in this paper the AdS radius is set to be one. Due to the anisotropy between space and time, it is

clear that this metric can not be an ordinary solution of the Einstein equation, in fact one needs some

sorts of matter fields to break the isotropy, e.g., by adding a massive vector field or a gauge field coupled

to a scalar field [3–6]. In general by adding a dilaton with non trivial potential and an abelian gauge

field to Einstein-Hilbert action (Einstein-Maxwell-Dilaton theory), one can find even more interesting

metrics, in particular the following metric has been used frequently [7]

ds2D+2 = r
2θ
D

(−dt2

r2z
+

dr2

r2
+

1

r2

D
∑

i=1

dx2
i

)

, (1.3)

where θ is hyperscaling violation exponent. This metric under the scale-transformation (1.1) transforms

as ds → ζ
θ
D ds. In a theory with hyperscaling violation, the thermodynamic parameters behave in such

a way that they are stated in D− θ dimensions; More precisely, in a (D+1)-dimensional theories which

are dual to background (1.2), the entropy scales with temperature as TD/z, however, in the presence of

θ namely dual to (1.3), it scales as T (D−θ)/z [7, 8]. Therefore one may associate an effective dimension

to the theory and this becomes important in studying the log behavior of the entanglement entropy of

system with Fermi surface in condense matter physics, explicitly it was shown that for θ = D − 1 for

any z, the entanglement entropy exhibits a logarithmic violation of the area law [9]. On the other hand

for such backgrounds time-dependency can be achieved by Vaidya metric with a hyperscaling violating

factor. It is the main aim of this paper to investigate how entanglement (mutual information) spreads

in time-dependent hyperscaling violating backgrounds.

Basically, the AdS-Vaidya metric is used to describe a gravitational collapse of a thin shell of matter

in formation of the black hole. This metric in D + 2 dimensions is given by

ds2 =
1

ρ2

(

− f(ρ, v)dv2 − 2dρdv +
D
∑

i=1

dx2
i

)

, f(ρ, v) = 1−m(v)ρD+1, (1.4)

where ρ is the radial coordinate, xi’s (i = 1, .., D) are spatial boundary coordinates and, here, the
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Def of AdS/CMT 

Figure 3: !e sketch of the AdS/CFT correspondence.

QCP(z,θ) Geometry (z,θ)  
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Dual
? 

Transport coefficients 

Holography model calculation 30 years of data 



1997		discovery	of	AdS/CFT		

1.  2002  Heavy Ion(QGP  ~ perfect fluid)  [Son et al.(Chicago)]  

2.  2007 first ads/CMT paper by Sachdev (Harvard)  

3.  2008 Superconductivity:Horowitz (UCSB); Gubser (Princeton)  

4.  2008 Non-fermi liquid : Sung-Sik Lee (McMaster)  

5.  2013 Metal-Insulator transition [Hartnoll (Stanford)]  

…… 

6.  2014 Holography as a method of experimental science 

 Donos, Hartnoll, Gaunttlet, Tong, ….  

  calculational method of transport (still for z=1)  

  à theory vs. exp possible   

      11	

Brief history of holography 



Optical conductivities for multi-order parameter 
               KY.Kim,KK.Kim,YS.Seo,Sin(1409.8346)	
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(a) Re �. A delta function at ! = 0 for
� = 0 is not drawn. The red dots at ! = 0
are the analytic DC values (4.16).
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corresponding to a delta function in (a)

Figure 2. Electric conductivity � with momentum relaxation at fixed µ/T = 6. For larger � the
Drude-like peak at small ! becomes broader. As we increase �, the Drude peak disappears and the
transition to incoherent metal is manifest.

m êT = 1
m êT = 3

m êT = 5

2 4 6 8 10
wêT

1

2

3

4
Re@sD

(a) Re �

m êT = 1
m êT = 3

m êT = 5

2 4 6 8 10
wêT

0.5

1.0

1.5

2.0
Im@sD

(b) Im �

Figure 3. Electric conductivity � with momentum relaxation at fixed �/T = 3. By comparing
with Figure 1 we may also see how � changes conductivity curves since all parameters are the same
except �. As we decrease µ, the Drude peak disappears and the transition to incoherent metal is
manifest.

in Im[̄]. 12 Some authors prefer to eliminate such pole by energy dependent counter term

[27]. In summary, we numerically compute G11, G12, G21, G22 by (3.14) and combine them

as (4.15) for physical conductivities.

4.2 Optical conductivity and coherent/incoherent metal

In this subsection we present our numerical results on the AC electric conductivity �. In

Figure 2 and 3 we focus on the dissipation(�) e↵ect and the density e↵ect(µ) on the AC

electric conductivity respectively. In Figure 4 and 5 we analyse the conductivity at small

!, comparing with the Drude form. In Figure 6 and 7 we search for scaling behaviours at

intermediate !.

Figure 2 shows how conductivity changes as dissipation strength changes(�). (a) is

the real part and (b) is the imaginary part of the conductivity. Two dotted curves(� = 0)

are the case without momentum dissipation which are the same curves at µ/T = 6 shown

in Figure 1. The coloured solid curves are the case with momentum dissipation(� 6= 0).

12We thanks the referee to point this out.
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only electric conductivity and shooting is cumbersome.

In our method generic solution ~S1, ~S2 satisfy S
i3 6= i�

!

S
i2 for i = 1, 2, hence ~S1, ~S2, ~S0

form a basis to make ~S1c
1+~S2c

2+~S0c
0 = ~J invertible. All the green functions are calculated

simultaneously. Again, we emphasise that true physical degree of freedom is 2 dimension

and ~S0 does not generate a true physical degree of freedom.

4.1 Green functions and Transport coe�cients

Having computed numerically the matrices S and O, we may construct a 3 ⇥ 3 matrix of

retarded Green’s function. We will focus on the 2⇥ 2 submatrix corresponding to a
(0)
x

and

h
(0)
tx

in (4.8). Since a
(0)
x

is dual to U(1) current J
x

and h
(0)
tx

is dual to energy-momentum

tensor T
tx

the Green’s function matrix may be written as

 
GR

J

x

J

x

GR

J

x

T

tx

GR

T

tx

J

x

GR

T

tx

T

tx

!
=:

 
G11 G12

G21 G22

!
, (4.11)

where we introduced the second term for notational simplicity. From the linear response

theory, we have the following relation between the response functions and the sources:

 
hJ

x

i
hT

tx

i

!
=

 
G11 G12

G21 G22

! 
a
(0)
x

h
(0)
tx

!
. (4.12)

We want to relate the Green’s functions (4.11) to phenomenological transport coef-

ficients. Our goal is to study the electric, thermal, thermoelectric conductivities defined

as  
hJ

x

i
hQ

x

i

!
=

 
� ↵T

↵̄T ̄T

! 
E

x

�(r
x

T )/T

!
, (4.13)

where � is the electric conductivity, ↵, ↵̄ are the thermoelectric conductivities, and ̄ is

the thermal conductivity. Q
x

is the heat current, E
x

is an electric field and r
x

T is a

temperature gradient. By taking into account a di↵eomorphism invariance [2, 3], (4.13)

can be expressed as

 
hJ

x

i
hT

tx

i � µhJ
x

i

!
=

 
� ↵T

↵̄T ̄T

! 
i!(a(0)

x

+ µh
(0)
tx

)

i!h
(0)
tx

!
. (4.14)

Comparing (4.14) and (4.12) we have

 
� ↵T

↵̄T ̄T

!
=

 
� iG11

!

i(G11µ�G12)
!

i(G11µ�G21)
!

� i(G22�‘G22(!=0)’+µ(�G12�G21+G11µ))
!

!
. (4.15)

Notice that the term in quotation marks ‘G22(! = 0)’ is subtracted according to the linear

response theory: one has to subtract static term whenever the latter is non-zero [47]. This

is related to the fact that for the causal Green functions, we have to apply source fields

only in the past not in future. Without such subtraction, we would have unphysical pole

– 15 –

renormalisation. Although the local counter terms were introduced to kill the divergences,

it also kills most of gauge dependence.

Furthermore, there is a residual gauge symmetry(RGS) even after we fix the axial gauge

g

rx

= 0. While equations of motion can be written in terms of the the gauge invariant

master fields P
h

,P
�

(3.8), it turns out that the quadratic on-shell action, the generating

function for two point retarded Green’s functions, can not be written as such. However,

we prove that the Green’s functions are still invariant under such a symmetry.

There is a mismatch in the degrees of freedom in the bulk and those at the boundary:

there are only two independent bulk solutions satisfying the in-falling boundary conditions

while we need three solutions at the boundary since there are three independent source

fields. The RGS is the one that resolves the problem: since it cannot satisfy a proper

boundary condition, it is not a proper gauge symmetry but a ‘solution generating sym-

metry’. It generate the desired solution at the boundary and therefore we should accept

its bulk counter part as a new physical degree of freedom as well although it can not sat-

isfy the infalling boundary condition (BC). By extending the RGS such that it satisfies

infalling boundary condition at the horizon, we can make the bulk solution more natural

in the sense that it satisfies the infalling BC. With such solution we can also understand

the problem in the context of general structure of holography, namely the correspondence

between a global symmetry at the boundary and the local gauge symmetry in the bulk.

2 Action and background solution

Let us first briefly review the system we will discuss, which has been analysed in detail in

[3, 7, 10]. The holographically renormalised action(Sren) is given by

Sren = SEM + S

 

+ Sc , (2.1)

where

SEM =

Z

M

d4x
p
�g



R� 2⇤� 1

4
F

2

�

� 2

Z

@M

d3x
p
��K , (2.2)

is the usual action for charged black hole in AdS space(⇤ < 0) with the Gibbons-Hawking

term and

S

 

=

Z

M

d4x
p
�g

"

�1

2

2
X

I=1

(@ 
I

)2
#

, (2.3)

is the action for two free massless scalars added for a momentum relaxation e↵ect. S

c

is

the counter term

Sc = ⌘

c

Z

@M

dx3
p
��
 

�4�R[�] +
1

2

2
X

I=1

�

µ⌫

@

µ

 

I

@

⌫

 

I

!

, (2.4)

which is included to cancel the divergence in SEM + S

 

. Here we introduced ⌘

c

to keep

track of the e↵ect of the counter term. At the end of the computation we will set ⌘
c

= 1.
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Sachdev	et	al.	(Harvard),	Nature	Physics	(2014) 

 new era : data vs Holography : Quantum Monte Carlo  
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dots:	Monte	Carlo	data		
at	imaginary	frequencies 

Bosonic	Hubbard	Model	
superfluid-insulator	QCP		 

Holographic		
conLnuaLon 

conducLvity		
at	real	frequencies 

r = 1 and “heats up” the boundary, where the CFT exists. The behavior of the gauge field is

determined by extremizing the action:22,23

Sbulk =

Z
d4x

p�g

✓
� 1

4g24
F
ab

F ab + �
L2

g24
C

abcd

F abF cd

◆
, (4)

where F
ab

= @
a

A
b

� @
b

A
a

is the field strength (roman indices run over t, x, y and r) while g4 is

the bulk gauge coupling, which determines the T = 0 conductivity of the CFT: �(!/T ! 1) =

1/g24. C
abcd

is the Weyl tensor, i.e. the traceless part of the Riemann curvature tensor, and � a

dimensionless coupling. The conductivity is obtained by solving the modified Maxwell equation

associated with Eq. (4) for Fourier modes with frequency !. (The spatial momentum is set to

zero.) We finally use the AdS/CFT relation to obtain the conductivity:

�(!/T ) =
ir2

g24L
2!

@
r

A
y

(!, r)

A
y

(!, r)

���
r=1

. (5)

When � = 0, the conductivity corresponds to that of a supersymmetric Yang-Mills theory with

gauge group SU(N
c

) in the large-N
c

limit.24 In that special limit, the conductivity is frequency

independent, �(!/T ) = 1/g24, due to an emergent electric-magnetic self-duality in the gravitational

description.25 The � term in Eq. (4) breaks this self-duality, allowing one to probe a wider spectrum

of conductivities.23 When � > 0 (< 0) the conductivity has a peak (dip) near zero frequency, as

shown in Fig. 4(c), thus resembling the conductivity arising from a particle (vortex) description

of the response. We refer to these two types of responses as particle- and vortex-like, respectively.

It is not a priori clear which of those two types arises in the QCP of the BHM. Below, we settle

this question with the help of holography.

A. Holographic continuation

We now describe the analytic continuation procedure used to extract the observable conduc-

tivity. It is important that the continuation be done on the universal QMC data, resulting from

extrapolations to both the thermodynamic and zero-temperature limits in order to avoid contami-

nating the final result with non-universal dependence. Our numerical analysis is the first to adhere

to this prescription, originally put forward in Ref. 8. Given the imaginary time data, one usually

attempts an analytic continuation to real frequencies using standard procedures, for instance via

maximum entropy methods or Padé approximants.26 However, all known continuation procedures

are uncontrolled, and in the absence of physical input, partly rely on chance. We argue that the

conductivity computed using holography can be used to perform the continuation in a simple and

transparent manner, and this provides physical insights that cannot be obtained using any other

method.

The idea behind the “holographic continuation” is to fit the QMC data to the holographic

7



Strong	correlaLon	in	Graphene		
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Fermi level ~ near Dirac point : imperfect  screening à strong correlation         
    à Dirac Fluid (z=1)   



Science		11	Feb	2016	

ObservaLon	of	the	Dirac	fluid	and	
the	break-down	of	the	Wiedemann-Franz	law	in	graphene 		
	Jesse	Crossno,	Jing	.	Shi,	Ke	Wang,	Xiaomeng	Liu,	Achim	Harzheim,	Andrew	Lucas,	

Subir	Sachdev,	Philip	Kim,*,	Takashi	Taniguchi,	Kenji	Watanabe,	Thomas	A.	Ohki5,	Kin	Chung	Fong
,*	
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FIG. 3. Disorder in the Dirac fluid. (A) Minimum car-
rier density as a function of temperature for all three sam-
ples. At low temperature each sample is limited by disorder.
At high temperature all samples become limited by thermal
excitations. Dashed lines are a guide to the eye. (B) The
Lorentz ratio of all three samples as a function of bath tem-
perature. The largest WF violation is seen in the cleanest
sample. (C) The gate dependence of the Lorentz ratio is well
fit to hydrodynamic theory of Ref. [5, 6]. Fits of all three
samples are shown at 60 K. All samples return to the Fermi
liquid value (black dashed line) at high density. Inset shows
the fitted enthalpy density as a function of temperature and
the theoretical value in clean graphene (black dashed line).
Schematic inset illustrates the di↵erence between heat and
charge current in the neutral Dirac plasma.

more pronounced peak but also a narrower density de-
pendence, as predicted [5, 6].

More quantitative analysis of L(n) in our experiment
can be done by employing a quasi-relativistic hydrody-
namic theory of the DF incorporating the e↵ects of weak
impurity scattering [5, 6, 39].

L =
LDF

(1 + (n/n0)2)
2 (2)

where

LDF =
HvFlm

T

2
�min

and n

2
0 =

H�min

e

2
vFlm

. (3)

Here vF is the Fermi velocity in graphene, �min is the elec-
trical conductivity at the CNP, H is the fluid enthalpy
density, and lm is the momentum relaxation length from

impurities. Two parameters in Eqn. (2) are undeter-
mined for any given sample: lm and H. For simplic-
ity, we assume we are well within the DF limit where
lm and H are approximately independent of n. We fit
Eqn. (2) to the experimentally measured L(n) for all
temperatures and densities in the Dirac fluid regime to
obtain lm and H for each sample. Fig 3C shows three
representative fits to Eqn. (2) taken at 60 K. lm is esti-
mated to be 1.5, 0.6, and 0.034 µm for samples S1, S2,
and S3, respectively. For the system to be well described
by hydrodynamics, lm should be long compared to the
electron-electron scattering length of ⇠0.1 µm expected
for the Dirac fluid at 60 K [18]. This is consistent with
the pronounced signatures of hydrodynamics in S1 and
S2, but not in S3, where only a glimpse of the DF appears
in this more disordered sample. Our analysis also allows
us to estimate the thermodynamic quantity H(T ) for the
DF. The Fig. 3C inset shows the fitted enthalpy density
as a function of temperature compared to that expected
in clean graphene (dashed line) [18], excluding renormal-
ization of the Fermi velocity. In the cleanest sample H
varies from 1.1-2.3 eV/µm2 for Tdis < T < Tel�ph. This
enthalpy density corresponds to ⇠ 20 meV or ⇠ 4kBT
per charge carrier — about a factor of 2 larger than the
model calculation without disorder [18].

To fully incorporate the e↵ects of disorder, a hydrody-
namic theory treating inhomogeneity non-perturbatively
is necessary [40, 41]. The enthalpy densities reported
here are larger than the theoretical estimation obtained
for disorder free graphene, consistent with the picture
that chemical potential fluctuations prevent the sample
from reaching the Dirac point. While we find thermal
conductivity well described by Ref. [5, 6], electrical con-
ductivity increases slower than expected away from the
CNP, a result consistent with hydrodynamic transport in
a viscous fluid with charge puddles [41].

In a hydrodynamic system, the ratio of shear viscos-
ity ⌘ to entropy density s is an indicator of the strength
of the interactions between constituent particles. It is
suggested that the DF can behave as a nearly perfect
fluid [18]: ⌘/s approaches a conjecture by Kovtun-Son-
Starinets: (⌘/s)/(~/kB) & 1/4⇡ for a strongly inter-
acting system [42]. A non-perturbative hydrodynamic
framework can be employed to estimate ⌘, as we discuss
elsewhere [41]. A direct measurement of ⌘ is of great
interest.

We have experimentally discovered the breakdown of
the WF law and provided evidence for the hydrodynamic
behavior of the Dirac fermions in graphene. This pro-
vides an experimentally realizable Dirac fluid and opens
the way for future studies of strongly interacting rela-
tivistic many-body systems. Beyond a diverging thermal
conductivity and an ultra-low viscosity, other peculiar
phenomena are expected to arise in this plasma. The
massless nature of the Dirac fermions is expected to re-
sult in a large kinematic viscosity, despite a small shear
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Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near the
charge neutrality point which can form a strongly coupled Dirac fluid. This charge neutral plasma
of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the thermal con-
ductivity, due to decoupling of charge and heat currents within hydrodynamics. Employing high
sensitivity Johnson noise thermometry, we report the breakdown of the Wiedemann-Franz law in
graphene, with a thermal conductivity an order of magnitude larger than the value predicted by
Fermi liquid theory. This result is a signature of the Dirac fluid, and constitutes direct evidence of
collective motion in a quantum electronic fluid.

Understanding the dynamics of many interacting parti-
cles is a formidable task in physics, complicated by many
coupled degrees of freedom. For electronic transport in
matter, strong interactions can lead to a breakdown of
the Fermi liquid (FL) paradigm of coherent quasiparti-
cles scattering o↵ of impurities. In such situations, the
complex microscopic dynamics can be coarse-grained to
a hydrodynamic description of momentum, energy, and
charge transport on long length and time scales [1]. Hy-
drodynamics has been successfully applied to a diverse
array of interacting quantum systems, from high mobility
electrons in conductors [2], to cold atoms [3] and quark-
gluon plasmas [4]. As has been argued for strongly inter-
acting massless Dirac fermions in graphene at the charge-
neutrality point (CNP) [5–8], hydrodynamic e↵ects are
expected to greatly modify transport coe�cients as com-
pared to their FL counterparts.

Many-body physics in graphene is interesting due to
electron-hole symmetry and a linear dispersion relation
at the CNP [9, 10]. In particular, the Fermi surface van-
ishes, leading to ine↵ective screening [11] and the forma-
tion of a strongly-interacting quasi-relativistic electron-
hole plasma, known as a Dirac fluid [12]. The Dirac fluid
shares many features with quantum critical systems [13]:
most importantly, the electron-electron scattering time is
fast [14–17], and well suited to a hydrodynamic descrip-
tion. A number of exotic properties have been predicted
including nearly perfect (inviscid) flow [18] and a diverg-
ing thermal conductivity resulting in the breakdown of
the Wiedemann-Franz law [5, 6].

Away from the CNP, graphene has a sharp Fermi sur-
face and the standard Fermi liquid (FL) phenomenology
holds. By tuning the chemical potential, we may mea-
sure thermal and electrical conductivity in both the Dirac

fluid (DF) and the FL in the same sample. In a FL,
the relaxation of heat and charge currents is closely re-
lated as they are carried by the same quasiparticles. The
Wiedemann-Franz (WF) law [19] states that the elec-
tronic contribution to a metal’s thermal conductivity e

is proportional to its electrical conductivity � and tem-
perature T , such that the Lorenz ratio L satisfies

L ⌘ e

�T

=
⇡

2

3

✓
kB

e

◆2

⌘ L0 (1)

where e is the electron charge, kB is the Boltzmann con-
stant, and L0 is the Sommerfeld value derived from FL
theory. L0 depends only on fundamental constants, and
not on specific details of the system such as carrier den-
sity or e↵ective mass. As a robust prediction of FL the-
ory, the WF law has been verified in numerous metals
[19]. However, in recent years, an increasing number of
non-trivial violations of the WF law have been reported
in strongly interacting systems such as Luttinger liquids
[20], metallic ferromagnets [21], heavy fermion metals
[22], and underdoped cuprates [23], all related to the
emergence of non-Fermi liquid behavior.
The WF law is expected to be violated at the CNP

in a DF due to the strong Coulomb interactions between
thermally excited charge carriers. An electric field drives
electrons and holes in opposite directions; collisions be-
tween them introduce a frictional dissipation, resulting
in a finite conductivity even in the absence of disorder
[24]. In contrast, a temperature gradient causes electrons
and holes to move in the same direction inducing an en-
ergy current, which grows unimpeded by inter-particle
collisions (Fig. 3C inset). The thermal conductivity is
therefore limited only by the rate at which momentum is
relaxed due to residual impurities.
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Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near the
charge neutrality point which can form a strongly coupled Dirac fluid. This charge neutral plasma
of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the thermal con-
ductivity, due to decoupling of charge and heat currents within hydrodynamics. Employing high
sensitivity Johnson noise thermometry, we report the breakdown of the Wiedemann-Franz law in
graphene, with a thermal conductivity an order of magnitude larger than the value predicted by
Fermi liquid theory. This result is a signature of the Dirac fluid, and constitutes direct evidence of
collective motion in a quantum electronic fluid.

Understanding the dynamics of many interacting parti-
cles is a formidable task in physics, complicated by many
coupled degrees of freedom. For electronic transport in
matter, strong interactions can lead to a breakdown of
the Fermi liquid (FL) paradigm of coherent quasiparti-
cles scattering o↵ of impurities. In such situations, the
complex microscopic dynamics can be coarse-grained to
a hydrodynamic description of momentum, energy, and
charge transport on long length and time scales [1]. Hy-
drodynamics has been successfully applied to a diverse
array of interacting quantum systems, from high mobility
electrons in conductors [2], to cold atoms [3] and quark-
gluon plasmas [4]. As has been argued for strongly inter-
acting massless Dirac fermions in graphene at the charge-
neutrality point (CNP) [5–8], hydrodynamic e↵ects are
expected to greatly modify transport coe�cients as com-
pared to their FL counterparts.

Many-body physics in graphene is interesting due to
electron-hole symmetry and a linear dispersion relation
at the CNP [9, 10]. In particular, the Fermi surface van-
ishes, leading to ine↵ective screening [11] and the forma-
tion of a strongly-interacting quasi-relativistic electron-
hole plasma, known as a Dirac fluid [12]. The Dirac fluid
shares many features with quantum critical systems [13]:
most importantly, the electron-electron scattering time is
fast [14–17], and well suited to a hydrodynamic descrip-
tion. A number of exotic properties have been predicted
including nearly perfect (inviscid) flow [18] and a diverg-
ing thermal conductivity resulting in the breakdown of
the Wiedemann-Franz law [5, 6].

Away from the CNP, graphene has a sharp Fermi sur-
face and the standard Fermi liquid (FL) phenomenology
holds. By tuning the chemical potential, we may mea-
sure thermal and electrical conductivity in both the Dirac

fluid (DF) and the FL in the same sample. In a FL,
the relaxation of heat and charge currents is closely re-
lated as they are carried by the same quasiparticles. The
Wiedemann-Franz (WF) law [19] states that the elec-
tronic contribution to a metal’s thermal conductivity e

is proportional to its electrical conductivity � and tem-
perature T , such that the Lorenz ratio L satisfies

L ⌘ e

�T

=
⇡
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⌘ L0 (1)

where e is the electron charge, kB is the Boltzmann con-
stant, and L0 is the Sommerfeld value derived from FL
theory. L0 depends only on fundamental constants, and
not on specific details of the system such as carrier den-
sity or e↵ective mass. As a robust prediction of FL the-
ory, the WF law has been verified in numerous metals
[19]. However, in recent years, an increasing number of
non-trivial violations of the WF law have been reported
in strongly interacting systems such as Luttinger liquids
[20], metallic ferromagnets [21], heavy fermion metals
[22], and underdoped cuprates [23], all related to the
emergence of non-Fermi liquid behavior.
The WF law is expected to be violated at the CNP

in a DF due to the strong Coulomb interactions between
thermally excited charge carriers. An electric field drives
electrons and holes in opposite directions; collisions be-
tween them introduce a frictional dissipation, resulting
in a finite conductivity even in the absence of disorder
[24]. In contrast, a temperature gradient causes electrons
and holes to move in the same direction inducing an en-
ergy current, which grows unimpeded by inter-particle
collisions (Fig. 3C inset). The thermal conductivity is
therefore limited only by the rate at which momentum is
relaxed due to residual impurities.
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FIG. 1. Temperature and density dependent electrical and thermal conductivity. (A) Resistance versus gate voltage
at various temperatures. (B) Electrical conductivity (blue) as a function of the charge density set by the back gate for di↵erent
bath temperatures. The residual carrier density at the neutrality point (green) is estimated by the intersection of the minimum
conductivity with a linear fit to log(�) away from neutrality (dashed grey lines). Curves have been o↵set vertically such that
the minimum density (green) aligns with the temperature axis to the right. Solid black lines correspond to 4e2/h. At low
temperature, the minimum density is limited by disorder (charge puddles). However, above Tdis ⇠ 40 K, a crossover marked
in the half-tone background, thermal excitations begin to dominate and the sample enters the non-degenerate regime near
the neutrality point. (C-D) Thermal conductivity (red points) as a function of (C) gate voltage and (D) bath temperature
compared to the Wiedemann-Franz law, �TL0 (blue lines). At low temperature and/or high doping (|µ| � kBT ), we find the
WF law to hold. This is a non-trivial check on the quality of our measurement. In the non-degenerate regime (|µ| < kBT )
the thermal conductivity is enhanced and the WF law is violated. Above Tel�ph ⇠ 80 K, electron-phonon coupling becomes
appreciable and begins to dominate thermal transport at all measured gate voltages. All data from this figure is taken from
sample S2 (inset 1E).

Realization of the Dirac fluid in graphene requires that
the thermal energy be larger than the local chemical po-
tential µ(r), defined at position r: kBT & |µ(r)|. Impu-
rities cause spatial variations in the local chemical po-
tential, and even when the sample is globally neutral, it
is locally doped to form electron-hole puddles with finite
µ(r) [25–28]. Formation of the DF is further complicated
by phonon scattering at high temperature which can re-
lax momentum by creating additional inelastic scattering
channels. This high temperature limit occurs when the
electron-phonon scattering rate becomes comparable to
the electron-electron scattering rate. These two temper-
atures set the experimental window in which the DF and
the breakdown of the WF law can be observed.

To minimize disorder, the monolayer graphene samples
used in this report are encapsulated in hexagonal boron
nitride (hBN) [29]. All devices used in this study are
two-terminal to keep a well-defined temperature profile

[30] with contacts fabricated using the one-dimensional
edge technique [31] in order to minimize contact resis-
tance. We employ a back gate voltage Vg applied to
the silicon substrate to tune the charge carrier density
n = ne � nh, where ne and nh are the electron and hole
density, respectively (see supplementary materials (SM)).
All measurements are performed in a cryostat controlling
the temperature Tbath. Fig. 1A shows the resistance R

versus Vg measured at various fixed temperatures for a
representative device (see SM for all samples). From this,
we estimate the electrical conductivity � (Fig. 1B) using
the known sample dimensions. At the CNP, the residual
charge carrier density nmin can be estimated by extrap-
olating a linear fit of log(�) as a function of log(n) out
to the minimum conductivity [32]. At the lowest tem-
peratures we find nmin saturates to ⇠8⇥109 cm�2. We
note that the extraction of nmin by this method overesti-
mates the charge puddle energy, consistent with previous
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Interactions between particles in quantum many-body systems can lead to collective behavior
described by hydrodynamics. One such system is the electron-hole plasma in graphene near the
charge neutrality point which can form a strongly coupled Dirac fluid. This charge neutral plasma
of quasi-relativistic fermions is expected to exhibit a substantial enhancement of the thermal con-
ductivity, due to decoupling of charge and heat currents within hydrodynamics. Employing high
sensitivity Johnson noise thermometry, we report the breakdown of the Wiedemann-Franz law in
graphene, with a thermal conductivity an order of magnitude larger than the value predicted by
Fermi liquid theory. This result is a signature of the Dirac fluid, and constitutes direct evidence of
collective motion in a quantum electronic fluid.

Understanding the dynamics of many interacting parti-
cles is a formidable task in physics, complicated by many
coupled degrees of freedom. For electronic transport in
matter, strong interactions can lead to a breakdown of
the Fermi liquid (FL) paradigm of coherent quasiparti-
cles scattering o↵ of impurities. In such situations, the
complex microscopic dynamics can be coarse-grained to
a hydrodynamic description of momentum, energy, and
charge transport on long length and time scales [1]. Hy-
drodynamics has been successfully applied to a diverse
array of interacting quantum systems, from high mobility
electrons in conductors [2], to cold atoms [3] and quark-
gluon plasmas [4]. As has been argued for strongly inter-
acting massless Dirac fermions in graphene at the charge-
neutrality point (CNP) [5–8], hydrodynamic e↵ects are
expected to greatly modify transport coe�cients as com-
pared to their FL counterparts.

Many-body physics in graphene is interesting due to
electron-hole symmetry and a linear dispersion relation
at the CNP [9, 10]. In particular, the Fermi surface van-
ishes, leading to ine↵ective screening [11] and the forma-
tion of a strongly-interacting quasi-relativistic electron-
hole plasma, known as a Dirac fluid [12]. The Dirac fluid
shares many features with quantum critical systems [13]:
most importantly, the electron-electron scattering time is
fast [14–17], and well suited to a hydrodynamic descrip-
tion. A number of exotic properties have been predicted
including nearly perfect (inviscid) flow [18] and a diverg-
ing thermal conductivity resulting in the breakdown of
the Wiedemann-Franz law [5, 6].

Away from the CNP, graphene has a sharp Fermi sur-
face and the standard Fermi liquid (FL) phenomenology
holds. By tuning the chemical potential, we may mea-
sure thermal and electrical conductivity in both the Dirac

fluid (DF) and the FL in the same sample. In a FL,
the relaxation of heat and charge currents is closely re-
lated as they are carried by the same quasiparticles. The
Wiedemann-Franz (WF) law [19] states that the elec-
tronic contribution to a metal’s thermal conductivity e

is proportional to its electrical conductivity � and tem-
perature T , such that the Lorenz ratio L satisfies

L ⌘ e
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=
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where e is the electron charge, kB is the Boltzmann con-
stant, and L0 is the Sommerfeld value derived from FL
theory. L0 depends only on fundamental constants, and
not on specific details of the system such as carrier den-
sity or e↵ective mass. As a robust prediction of FL the-
ory, the WF law has been verified in numerous metals
[19]. However, in recent years, an increasing number of
non-trivial violations of the WF law have been reported
in strongly interacting systems such as Luttinger liquids
[20], metallic ferromagnets [21], heavy fermion metals
[22], and underdoped cuprates [23], all related to the
emergence of non-Fermi liquid behavior.
The WF law is expected to be violated at the CNP

in a DF due to the strong Coulomb interactions between
thermally excited charge carriers. An electric field drives
electrons and holes in opposite directions; collisions be-
tween them introduce a frictional dissipation, resulting
in a finite conductivity even in the absence of disorder
[24]. In contrast, a temperature gradient causes electrons
and holes to move in the same direction inducing an en-
ergy current, which grows unimpeded by inter-particle
collisions (Fig. 3C inset). The thermal conductivity is
therefore limited only by the rate at which momentum is
relaxed due to residual impurities.
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(albeit with negligible quantum entanglement) insofar as they
do not admit a controllable description via kinetic theory.
Furthermore, it has been shown [27] that strongly interacting
quantum critical fluids have a somewhat different hydrody-
namic description than the canonical Fermi liquids described
above, and this can lead to very different hydrodynamic
properties, including in transport [20,21,27–31], as we will
review in this paper.

Using novel techniques to measure thermal transport
[32–34], the Dirac fluid has finally been observed in
monolayer graphene, and evidence for its hydrodynamic
behavior has emerged [35], as we will detail. However,
existing theories of hydrodynamic transport are not consistent
with the simultaneous density dependence in experimentally
measured thermal and electrical conductivities. In this paper,
we improve upon the hydrodynamic theory of Ref. [27],
describe carefully effects of finite density, and develop a
nonperturbative relativistic hydrodynamic theory of transport
in electron fluids near a quantum critical point. Under
certain assumptions about the equations of state of the
Dirac fluid, our theory is quantitatively consistent with
experimental observations. The techniques we employ are
included in the framework of Ref. [36], which developed a
hydrodynamic description of transport in relativistic fluids
with long-wavelength disorder in the chemical potential [36]
was itself inspired by recent progress employing the AdS/CFT
correspondence to understand quantum critical transport in
strange metals [31,37–44], but as we will discuss, this theory
is also well suited to describe the physics of graphene.

A. Summary of results

The recent experiment [35] reported order-of-magnitude
violations of the Wiedemann-Franz law. The results were
compared with the standard theory of hydrodynamic transport
in quantum critical systems [27], which predicts that

σ (n) = σQ + e2v2
Fn

2τ

H
, (2a)

κ(n) = v2
FHτ

T

σQ

σ (n)
, (2b)

where e is the electron charge, s is the entropy density, n is the
charge density (in units of length−2), H is the enthalpy density,
τ is a momentum relaxation time, and σQ is a quantum critical
effect, whose existence is a new effect in the hydrodynamic
gradient expansion of a relativistic fluid. Note that up to σQ,
σ (n) is simply described by Drude physics. The Lorenz ratio
then takes the general form

L(n) = LDF

(1 + (n/n0)2)2
, (3)

where

LDF = v2
FHτ

T 2σQ

, (4a)

n2
0 = HσQ

e2v2
Fτ

. (4b)

L(n) can be parametrically larger than LWF (as τ → ∞
and n ≪ n0), and much smaller (n ≫ n0). Both of these
predictions were observed in the recent experiment, and fits of
the measuredL to (3) were quantitatively consistent, until large
enough n where Fermi liquid behavior was restored. However,
the experiment also found that the conductivity did not grow
rapidly away from n = 0 as predicted in (2), despite a large
peak in κ(n) near n = 0, as we show in Fig. 1. Furthermore,
the theory of Ref. [27] does not make clear predictions for the
temperature dependence of τ , which determines κ(T ).

In this paper, we argue that there are two related reasons
for the breakdown of (2). One is that the dominant source of
disorder in graphene—fluctuations in the local charge density,
commonly referred to as charge puddles [45–48]—are not
perturbatively weak, and therefore a nonperturbative treatment
of their effects is necessary [49]. The second is that the
parameter τ , even when it is sharply defined, is intimately
related to both the viscosity and to n, and this n dependence is
neglected when performing the fit to (2) in Fig. 1. We develop a
nonperturbative hydrodynamic theory of transport which relies
on neither of the above assumptions, and gives us an explicit
formula for τ in the limit of weak disorder. The key assumption
for the validity of our theory is that the size of the charge
puddles is comparable to or larger than the electron interaction
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FIG. 1. A comparison of our hydrodynamic theory of transport with the experimental results of Ref. [35] in clean samples of graphene at
T = 75 K. We study the electrical and thermal conductances at various charge densities n near the charge neutrality point. Experimental data
are shown as circular red data markers, and numerical results of our theory, averaged over 30 disorder realizations, are shown as the solid blue
line. Our theory assumes the equations of state described in (27) with the parameters C0 ≈ 11, C2 ≈ 9, C4 ≈ 200, η0 ≈ 110, σ0 ≈ 1.7, and
(28) with u0 ≈ 0.13. The yellow shaded region shows where Fermi liquid behavior is observed and the Wiedemann-Franz law is restored, and
our hydrodynamic theory is not valid in or near this regime. We also show the predictions of (2) as dashed purple lines, and have chosen the
three-parameter fit to be optimized for κ(n).
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̄

T
=

(4⇡)2

�2
r0, (7)

where the o↵-diagonal components of each transport coe�cient are zero in this case. The

other point is that the thermo-electric coe�cient ↵ and ↵̄ is linear in the charge density q.

The thermal conductivity is defined by


ij

= ̄
ij

� T ↵̄
ik

��1
kl

↵
lj

. (8)

Together with (7) and (8), we get simple relation between the electric conductivity and the

thermal conductivity;

 =
̄

�
=

(4⇡)2

�2
· r0T

1 + q

2

r

2
0�

2

. (9)

2.2 Momentum relaxation with a finite magnetization

The thermo-electric transport coe�cients with q
�

is given by

�
xx

=
(F �H2)(F + G2)

(F2 +H2G2)

�
xy

=
HG(2F + G2 �H2) + ✓(F2 +H2G2)

(F2 +H2G2)

↵
xx

= ↵̄
xx

=
sG(F �H2)

F2 +H2G2

↵
xy

= ↵̄
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=
sH(F + G2)

F2 +H2G2

̄
xx

=
s2T F

(F2 +H2G2)

̄
yx

=
s2T HG

(F2 +H2G2)
,

(10)

where

F = r20�
2 +H2

�
1 + ✓2

�
� ✓qH ,

G = q � ✓H, s = 4⇡r20 .
(11)

2.3 Momentum relaxation with two U(1) field

In this section, we start from the action with two gauge fields;

S =

Z
d4x

p
�g

"
R� 1

2

⇥
(@�)2 + �1(�)(@�1)

2 + �2(�)(@�2)
2
⇤
� V (�)� Z(�)

4
F 2 � W (�)

4
G2

#
,

(12)

2

where

F = dA, G = dB. (13)

• Ansatz for background solution

ds2 = �U(r)dt2 +
1

U(r)
dr2 + e2v(dx2 + dy2)

A = A(r)dt, B = B(r)dt. (14)

• Fluctuations

�G
tx

= t�f1(r) + �g
tx

(r)

�G
rx

= ev(r)�h
rx

(r)

�A
x

= t�f2(r) + �a(r)

�B
x

= t�f3(r) + �b(r)

��
x

, ��
y

, (15)

where

�f1(r) = �⇣U(r)

�f2(r) = �E + ⇣A(r)

�f3(r) = �E2 + ⇣B(r). (16)

Here, E is external electric filed and D is external source which generate another current

for B.

• Boundary currents

J1 =
p
�gZ(�)F xr

J2 =
p
�gW (�)Gxr

Q = U(r)2
d

dr

✓
�g

tx

(r)

U(r)

◆
� A(r)J1, (17)

where we interpret J1 as an electric current at the boundary and Q is heat current which is

defined as T tx � µJ at the boundary.

• Transport coe�cients
0

@
hQi
hJ1i
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�f3(r) = �E2 + ⇣B(r). (16)
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for B.
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where we interpret J1 as an electric current at the boundary and Q is heat current which is

defined as T tx � µJ at the boundary.
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⌘ ⌃ ·

0

@
�(r

x

T )/T
E
E2

1

A , (18)

It turns out that ⌃ can be calculated to be given by

⌃ =

0

B@

(4⇡T )2ev0

k

2�0

4⇡Q1T

k

2�0

4⇡Q2T

k

2�0
4⇡Q1T

k

2�0
Z0 +

Q

2
1

k

2
e

v0�0

Q1Q2

k

2
e

v0�0
4⇡Q2T

k

2�0

Q1Q2

k

2
e

v0�0
W0 +

Q

2
2

k

2
e

v0�0

1

CA . (19)

We denote the electric conductivity by � and the the conductivity for the neutral current

by �2.

� = Z0 +
Q2

1

k2ev0�0
, (20)

and

�2 = W0 +
Q2

2

k2ev0�0
. (21)

Thermal conductivity is defined by the response of the temperature gradient to the heat

current without other currents. If we substitute J1 = J2 = 0 condition to the first low in

(18), then we get the thermal conductivity;

 =
(4⇡)2Te2v0Z0W0

Q2
1W0 +Q2

2Z0 + ev0k2Z0W0�0

=
4⇡T · s

k2�0

⇣
�

Z0
+ �2

W0
� 1

⌘ , (22)

where s = 4⇡ev0 is entropy of the system.

RN-black hole solution

To get the explicit background solution, we choose

� = 0, �1,2 = 1, V (�) = �6, Z(�) = Z0, W (�) = W0, (23)

in (12) and

e2v(r) = r2 (24)

in (14). Then, the background solution becomes

U(r) = r2 � m0

r
� �2

2
+

r20
4r2

(Z0µ1 +W0µ2) ,

4

m0 = r30 �
r0�

2

2
+

r0
4
(Z0µ1 +W0µ2) . (25)

The solutions of U(1) gauge fields are

a(r) = µ1

⇣
1� r0

r

⌘
, b(r) = µ2

⇣
1� r0

r

⌘
. (26)

• Conductivities
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1
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Figure 1: Compare to the experimental data with Z0 = 1/3, W0 = 0.04, T = 0.2 and � = 5.
And we set µ1 = µ2.
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Why	holography	works	in	CMT	(apart	from	universality)?	
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1/r� r�

																										Long	ßà	Short																	
																Expansion	ßà	Falling	
Repulsive	Coulomb	ßà	AyracLve	gravity	

r = 1 and “heats up” the boundary, where the CFT exists. The behavior of the gauge field is

determined by extremizing the action:22,23

Sbulk =

Z
d4x

p�g

✓
� 1

4g24
F
ab

F ab + �
L2

g24
C

abcd

F abF cd

◆
, (4)

where F
ab

= @
a

A
b

� @
b

A
a

is the field strength (roman indices run over t, x, y and r) while g4 is

the bulk gauge coupling, which determines the T = 0 conductivity of the CFT: �(!/T ! 1) =

1/g24. C
abcd

is the Weyl tensor, i.e. the traceless part of the Riemann curvature tensor, and � a

dimensionless coupling. The conductivity is obtained by solving the modified Maxwell equation

associated with Eq. (4) for Fourier modes with frequency !. (The spatial momentum is set to

zero.) We finally use the AdS/CFT relation to obtain the conductivity:

�(!/T ) =
ir2

g24L
2!

@
r

A
y

(!, r)

A
y

(!, r)

���
r=1

. (5)

When � = 0, the conductivity corresponds to that of a supersymmetric Yang-Mills theory with

gauge group SU(N
c

) in the large-N
c

limit.24 In that special limit, the conductivity is frequency

independent, �(!/T ) = 1/g24, due to an emergent electric-magnetic self-duality in the gravitational

description.25 The � term in Eq. (4) breaks this self-duality, allowing one to probe a wider spectrum

of conductivities.23 When � > 0 (< 0) the conductivity has a peak (dip) near zero frequency, as

shown in Fig. 4(c), thus resembling the conductivity arising from a particle (vortex) description

of the response. We refer to these two types of responses as particle- and vortex-like, respectively.

It is not a priori clear which of those two types arises in the QCP of the BHM. Below, we settle

this question with the help of holography.

A. Holographic continuation

We now describe the analytic continuation procedure used to extract the observable conduc-

tivity. It is important that the continuation be done on the universal QMC data, resulting from

extrapolations to both the thermodynamic and zero-temperature limits in order to avoid contami-

nating the final result with non-universal dependence. Our numerical analysis is the first to adhere

to this prescription, originally put forward in Ref. 8. Given the imaginary time data, one usually

attempts an analytic continuation to real frequencies using standard procedures, for instance via

maximum entropy methods or Padé approximants.26 However, all known continuation procedures

are uncontrolled, and in the absence of physical input, partly rely on chance. We argue that the

conductivity computed using holography can be used to perform the continuation in a simple and

transparent manner, and this provides physical insights that cannot be obtained using any other

method.

The idea behind the “holographic continuation” is to fit the QMC data to the holographic

7



System	characterizaLon	

	
•  Holography	is	sLll	in	lack	of	one	crucial	elements	:	Ho
w	to	encode	the	system	specific	informaLon?		
	

•  	 Two	ways	:		i)	InteracLon	in	the	bulk		
	 	 	 	 		by	Liming	least	irrelevant	interacLon 	
	 									 				ii)	lazce	as		boundary	condiLon.	

21	



•  ee	int	is	already	included	by	gravity	but	
		e-lazce	should	be	encoded	explicitly.	

	
•  1.	Integrate	out	massive	fermion	in	2+1	à	Chern-Simon			

2.	Lim	it	to	the	bulk	à		F^F		
3.	Axionize	for	dynamical	effect	
				Lme	reversal		invariant	case	à	
				Lme	reversal	Sym		broken	case	à		

•  Focus	on		T-broken	case.		
					MagneLzaLon/Anomalous	Hall	effect	/Pseudo	gap/ 	 	 	 	

	 	 	 		
	 		

(@�)2F ^ F

d� ^A ^ F

Y.SEO,�KY.Kim,�KK.Kim,�Sin���arXiv:1512.08916���

Liming	Least	irrelevant	int.		
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Model	

•  Chern-Simon	Axion	term	(with	TRS	broken)	can	represent	mag
neto-electric	phenomena	

•  Dopping	controls	magneLc	property	as	well	as	charge	transpo
rt.	

1 Introduction

We want to construct a system which has magnetic properties like as ferromagnetism, anti-

ferromagnetism or paramagnetism holographically. In this work, we construct a system with

impurities which carry finite magnetization.

To construct a system with magnetic impurities, we start from Einstein-Maxwell-axion

system. The axion which is linear in {x, y} direction breaks translational symmetry and

hence gives an e↵ect of impurity [2]. We add Chern-Simons interaction between the axion

and gauge field. Due to this interaction, the system has non-trivial magnetic property as

we will discuss later.

...

2 Background solution

We start from the Einstein-Maxwell-axion action with Chern-Simons interaction;

S =
1

16⇡G

Z

M
d4x

p�g

⇢

R +
6

L2
� 1

4
F 2 � 1

2
(@�I)

2
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+
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16⇡G

Z
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(@�I)
2

16
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� 1

16⇡G

Z

@M
d3x

p��

✓

2K +
4

L
+R[�]� L

2
r�I ·r�I

◆

(1)

The scalar, Maxwell and Einstein equations of motion for the action are 1

r2�I � q�
8
rM

✓

1p�g
✏PQRSFPQFRSrM�I

◆

= 0

rMFMN � q�
4
rM

✓

(@�I)
2 1p�g

✏MNPQFPQ

◆

= 0

RMN � 1

2
gMN

✓

R� 2⇤� 1

4
F 2 � 1

2
(@�I)

2

◆

� 1

2
FMPFN

P � 1

2
@M�I@N�I

+
q�
16

@M�I@N�I
1p�g

✏PQRSFPQFRS = 0, (2)

where star denote contraction of indices and we choose ✏0123 = ✏txyr = 1.

To get a solution, we take dyonic ansatz with linear axion field as follows;

ds2 = �U(r)dt2 +
dr2

U(r)
+ r2(dx2 + dy2)

A = a(r)dt+
1

2
H (xdy � ydx)

�I = � �Ii x
i. (3)

1 xM

= (xµ, r) = (⌧, xi, r) = (⌧, x, y, r)

1
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Background	soluLon	(exact!)	

1 Introduction

We want to construct a system which has magnetic properties like as ferromagnetism, anti-

ferromagnetism or paramagnetism holographically. In this work, we construct a system with

impurities which carry finite magnetization.

To construct a system with magnetic impurities, we start from Einstein-Maxwell-axion

system. The axion which is linear in {x, y} direction breaks translational symmetry and

hence gives an e↵ect of impurity [2]. We add Chern-Simons interaction between the axion

and gauge field. Due to this interaction, the system has non-trivial magnetic property as

we will discuss later.

...

2 Background solution

We start from the Einstein-Maxwell-axion action with Chern-Simons interaction;

S =
1

16⇡G

Z

M
d4x

p�g
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R +
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4
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2
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The scalar, Maxwell and Einstein equations of motion for the action are 1
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8
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1p�g
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◆
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rMFMN � q�
4
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2
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+
q�
16
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1p�g

✏PQRSFPQFRS = 0, (2)

where star denote contraction of indices and we choose ✏0123 = ✏txyr = 1.

To get a solution, we take dyonic ansatz with linear axion field as follows;

ds2 = �U(r)dt2 +
dr2

U(r)
+ r2(dx2 + dy2)

A = a(r)dt+
1

2
H (xdy � ydx)

�I = � �Ii x
i. (3)

1 xM

= (xµ, r) = (⌧, xi, r) = (⌧, x, y, r)

1

By plug in the ansatz (3) into (1), we find the solution which satisfy all the equations

U(r) = r2 � �2

2
� m0

r
+

q2 +H2

4r2
+

�4H2q2�
20r6

+
8�2Hqq�

6r4
,

a(r) = µ� q

r
� �2Hq�

3r3
. (4)

The integration constants q and m0 are determined by the vanishing At(r) and U(r) at the

black hole horizon

q = r0µ� �2Hq�
3r20

m0 = r30

✓

1 +
r20µ

2 +H2

4r40
� �2

2r20

◆

+
�4H2q2�
45r50

. (5)

The solution (4) becomes dyonic black hole solution with momentum relaxation when q�

vanishes. One can directly check that q is conserved chard which associated to the U(1)

gauge field and it can be interpreted as number density as usual AdS/CFT correspondence.

3 Thermodynamics and magnetization

To obtain a thermodynamic potential for this black hole solution we compute the on-shell

Euclidean action(SE) by analytically continuing to Euclidean time(⌧) of which period is the

inverse temperature

t = �i⌧ , SE = �iSren , (6)

where SE is the Euclidean action. By a regularity condition at the black hole horizon the

temperature of the system is given by the Hawking temperature,

4⇡T = U 0(r0) = 3r0 � r20µ
2 +H2 + 2r20�

2

4r30
� �2Hq�

3r40

✓

µ+
�2Hq�
3r30

◆

, (7)

and the entropy density is given by the area of the horizon,

s = 4⇡r20 . (8)

One can directly check that dT/dr0 > 0 for positive r0, therefore, temperature is mono-

tonically increasing function of r0. It implies that the entropy is monotonically increasing

function of temperature.

From the Euclidean renormalized action, we can define the thermodynamic potential(⌦)

and its density(W):

SE ⌘ V2

T
W ⌘ ⌦

T
, (9)

2

By plug in the ansatz (3) into (1), we find the solution which satisfy all the equations
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The solution (4) becomes dyonic black hole solution with momentum relaxation when q�

vanishes. One can directly check that q is conserved chard which associated to the U(1)

gauge field and it can be interpreted as number density as usual AdS/CFT correspondence.

3 Thermodynamics and magnetization

To obtain a thermodynamic potential for this black hole solution we compute the on-shell

Euclidean action(SE) by analytically continuing to Euclidean time(⌧) of which period is the

inverse temperature

t = �i⌧ , SE = �iSren , (6)

where SE is the Euclidean action. By a regularity condition at the black hole horizon the

temperature of the system is given by the Hawking temperature,
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and the entropy density is given by the area of the horizon,

s = 4⇡r20 . (8)

One can directly check that dT/dr0 > 0 for positive r0, therefore, temperature is mono-

tonically increasing function of r0. It implies that the entropy is monotonically increasing

function of temperature.

From the Euclidean renormalized action, we can define the thermodynamic potential(⌦)

and its density(W):

SE ⌘ V2

T
W ⌘ ⌦

T
, (9)
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"  FluctuaLons	

"  EOMs	in		

"  Boundary	acLon	

Independent	

h
rx

= 0 gauge

FluctuaLon	dynamics	



Boundary	CondiLon	

where h

0

is a constant. Thus there is one parameter constant solution given by

a

x

= 0, h

tx

= h

0

, � = i

�

!

h

0

, (3.14)

which does not satisfy in-falling boundary condition so it is not a physical degree of free-

dom2. Therefore, we can call it a residual degree of freedom. This kind of solution was

first introduced in [12]

Why should there be such a residual degree of freedom? It can be traced to the

di↵erence of the di↵erential equation near horizon and those near boundary. Near the

black hole horizon (r ! 1) the solutions are expanded as

h

tx

= (r � 1)⌫±+1

⇣
h

(I)

tx

+ h

(II)

tx

(r � 1) + · · ·
⌘
,

a

x

= (r � 1)⌫±
⇣
a

(I)

x

+ a

(II)

x

(r � 1) + · · ·
⌘
,

� = (r � 1)⌫±
⇣
�

(I) + �

(II)(r � 1) + · · ·
⌘
,

(3.15)

where ⌫± = ±i4!/(�12 + 2�2 + µ

2) = ⌥i!/(4⇡T ) and the incoming boundary condition

corresponds to ⌫ = ⌫

+

. By inserting these to the equations of motion, one can easily find

a linear relations between the zero-th modes:

(⌫ + 1)h(I)
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(I) = 0, (3.16)

Notice that all other modes are generated by these. Thus there is a well defined constraint

equation which reduces the degrees of freedom.

On the other hand, by inserting the expansion near the boundary (r ! 1)
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to the equations of motion, we can not get any relation between the zero-th modes a(0)
x

, h

(0)

tx

,

and �

(0), all of which are related to the higher modes. More explicitly,

!(!�(0) � i�h

(0)

tx

)� 2�(2) = 0, i�(!�(0) � i�h

(0)

tx

)� 2h(2)
tx

= 0, (3.18)

which are evolution equations in r-direction. Therefore, there is no constraint equation.

Then there is a crisis of mismatch of degrees of freedom and this crisis is resolved by the

e↵ective residual degree of freedom described above. However, this residual gauge degree of

freedom raises another issue of invariance of physics under this symmetry. We will address

this issue at the end of section 5.
2It is a regular solution at future horizon.

– 5 –
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0
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holographic models with momentum dissipation. For example see [9–12].

�(!) =
K⌧

1� i!⌧
, (1.2)

where K and ⌧ were determined numerically. The Drude model was originally derived from

a quasi-particle picture. However, it was shown that this Drude-like peak can be realised

even when there is no quasi-particle picture at strong coupling if the translation symmetry

is broken weakly [30]. In this context, metal without quasi-particle can be divided into two

classes: coherent metal with a Drude peak and incoherent metal without a Drude peak [31].

However, since our model is based on AdS-RN black brane solution, there will be a term

containing the contribution from pair production a↵ected by net charge density, which we

denoted by �
Q

. This suggests the following modified Drude form

�(!) =
K⌧

1� i!⌧
+ �

Q

. (1.3)

Since, in our model, there is a parameter � (the slope of massless scalar fields in (2.17))

controlling the strength of the translation symmetry breaking, we may investigate how

coherent/incoherent metal phase is realised.4 Indeed, In our model, we find that when

� < µ, the momentum dissipation is Drude like while � > µ it is not. If the peak is

Drude-like we obtain analytic expressions for K, ⌧ and �
Q

. For � ⌧ µ, �
Q

can be ignored

and a modified Drude form is reduced to a standard Drude from. Also we confirm the

sum rule is satisfied for both cases, Drude and non-Drude. For thermoelectric and thermal

conductivities, qualitatively the same results are obtained.

At intermediate frequencies, T < ! < µ, where T is temperature and µ is chemical

potential, it was shown experimentally that certain high temperature superconductors in

the normal phase exhibit scaling law

� =
B

!�

ei
⇡

2 � ⇠
✓

i

!

◆
�

, (1.4)

where � ⇡ 2/3 and B is constant [32]. This scaling law has been studied also in holographic

models in a following modified form.

� =

✓
B

!�

+ C

◆
ei

⇡

2 �̃ , (1.5)

where �, �̃, B and C are constants to be fitted. In models studied in [9, 10, 12] scaling

behaviours have been produced while in [14, 19, 25] no scaling law has been observed. In

our model we have analysed electric, thermoelectric, and thermal conductivities in a wide

range of parameters for both scaling laws (1.4) and (1.5). However it seems that there is

no robust scaling law, which agrees to the conclusion in [25].

From holographic perspective, the computation of electric, thermoelectric, and thermal

conductivities are related to the Dynamics of three bulk fields fluctuations(metric, gauge,

4The same question was addressed based on analytic DC conductivities in [22, 24].
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Figure 4. Relaxation time ⌧ at small ! as a function of µ/T and �/T . We do not plot the range
�/T < 1 since ⌧ diverges quickly as � goes to zero.

production, �
Q

, which is also a↵ected by charge density. Once we assume (4.19), three

parameters K, ⌧ , and �
Q

can be fixed by considering two limits. 13

First, in the limit ⌧ ! 1 (� ! 0) �
Q

and K can be read o↵ from (3.17)

�
Q

=

0

@
3� µ

2

4r20

3 + 3µ2

4r20

1

A
2

, K = r0

µ

2

r

2
0

3 + 3µ2

4r20

, (4.20)

where

r0 =
2⇡

3

⇣
T +

p
T 2 + 3(µ/4⇡)2 + 6(�/4⇡)2

⌘
, (4.21)

which is defined in (2.19).

Next, in the limit ! ! 0 with finite �

�(! ! 0) = K⌧ + �
Q

= 1 +
µ2

�2
, (4.22)

where (2.29) is used. Therefore, the relaxation time ⌧ reads

⌧ =
1 + µ

2

�

2 � �
Q

K
(4.23)

=
1

4⇡T
· 45�̃

4 + 36µ̃4 + 2(1 +�) + 6�̃2(4 + 12µ̃2 + 3�) + 3µ̃2(5 + 4�)

�̃2(1 +�)(1 + 3�̃2 + 6µ̃2 +�)
, (4.24)

where �
Q

and K is given in (4.20) and

� ⌘
q

1 + 3µ̃2 + 6�̃2 , µ̃ ⌘ µ

4⇡T
, �̃ ⌘ �

4⇡T
. (4.25)

13This form of Drude conductivity implicitly appeared in [48] with shifted pole due to the magnetic field.
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Figure 8. Thermal and thermoelectric conductivity with momentum relaxation at fixed µ/T = 6.
As we increase �, the Drude peak disappears and the transition to incoherent metal is manifest.

In order to discuss the Wiedemann-Franz law, we compute the ratio of the DC thermal

conductivity to the DC electric conductivity as follows

L̄ ⌘ ̄

�T
=

1

µ̃2 + �̃2

r20
T 2

=

4⇡2

✓
1 +

q
1 + 3(2�̃2 + µ̃2)

◆2

9(�̃2 + µ̃2)
⇡ 4⇡2

3

2�2 + µ2

�2 + µ2
, (4.32)

where we took low temperature limit in the last expression since the Wiedemann-Franz

law is supposed to be valid at low temperature. In two extreme limits, in the clean(� ⌧ µ)

and dirty(� � µ) limit, the ratio becomes constant

L̄ =

(
4⇡2

3 (µ � �)
8⇡2

3 (� � µ)
. (4.33)

but the numerical values are di↵erent from the Fermi-liquid case, as expected in a non-

Fermi liquid, see e.g. [50].

At small frequencies, like electric conductivity, thermoelectric and thermal conductiv-

ities also have a modified Drude peak similar to (4.19) for � < µ,

↵(!) =
A

↵

⌧
↵

1� i!⌧
↵

+B
↵

,
̄(!)

T
=

A
̄

⌧
̄

1� i!⌧
̄

+B
̄

(4.34)

while the peak is non-Drude for � > µ. Like K,�
Q

, ⌧ in (4.19), A
↵

, B
↵

, ⌧
↵

, A
̄

, B
̄

, ⌧
̄

may

be obtained analytically by using the hydrodynamics results in [43–45]. Figure 9 shows an

excellent agreement of numerical data to (4.34), where the blue dots are numerical values

and the red solid curve is a fitting to (4.34). The relaxation times ⌧, ⌧
↵

, and ⌧
̄

are defined

by comparing with Drude model, which works only when �  µ. In this regime, we find

that three relaxation time are almost the same. This is because in all three cases the Drude

peaks are due to the momentum relaxation. So we have only one ⌧ .16 At intermediate

frequencies, we do not see any scaling law unlike [10].

16We thanks the referee for pointing this out.
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Figure 2. Electric conductivity � with momentum relaxation at fixed µ/T = 6. For larger � the
Drude-like peak at small ! becomes broader. As we increase �, the Drude peak disappears and the
transition to incoherent metal is manifest.
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Figure 3. Electric conductivity � with momentum relaxation at fixed �/T = 3. By comparing
with Figure 1 we may also see how � changes conductivity curves since all parameters are the same
except �. As we decrease µ, the Drude peak disappears and the transition to incoherent metal is
manifest.

in Im[̄]. 12 Some authors prefer to eliminate such pole by energy dependent counter term

[27]. In summary, we numerically compute G11, G12, G21, G22 by (3.14) and combine them

as (4.15) for physical conductivities.

4.2 Optical conductivity and coherent/incoherent metal

In this subsection we present our numerical results on the AC electric conductivity �. In

Figure 2 and 3 we focus on the dissipation(�) e↵ect and the density e↵ect(µ) on the AC

electric conductivity respectively. In Figure 4 and 5 we analyse the conductivity at small

!, comparing with the Drude form. In Figure 6 and 7 we search for scaling behaviours at

intermediate !.

Figure 2 shows how conductivity changes as dissipation strength changes(�). (a) is

the real part and (b) is the imaginary part of the conductivity. Two dotted curves(� = 0)

are the case without momentum dissipation which are the same curves at µ/T = 6 shown

in Figure 1. The coloured solid curves are the case with momentum dissipation(� 6= 0).

12We thanks the referee to point this out.
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only electric conductivity and shooting is cumbersome.

In our method generic solution ~S1, ~S2 satisfy S
i3 6= i�

!

S
i2 for i = 1, 2, hence ~S1, ~S2, ~S0

form a basis to make ~S1c
1+~S2c

2+~S0c
0 = ~J invertible. All the green functions are calculated

simultaneously. Again, we emphasise that true physical degree of freedom is 2 dimension

and ~S0 does not generate a true physical degree of freedom.

4.1 Green functions and Transport coe�cients

Having computed numerically the matrices S and O, we may construct a 3 ⇥ 3 matrix of

retarded Green’s function. We will focus on the 2⇥ 2 submatrix corresponding to a
(0)
x

and

h
(0)
tx

in (4.8). Since a
(0)
x

is dual to U(1) current J
x

and h
(0)
tx

is dual to energy-momentum

tensor T
tx

the Green’s function matrix may be written as

 
GR

J

x

J

x

GR

J

x

T

tx

GR

T

tx

J

x

GR

T

tx

T

tx

!
=:

 
G11 G12

G21 G22

!
, (4.11)

where we introduced the second term for notational simplicity. From the linear response

theory, we have the following relation between the response functions and the sources:

 
hJ

x

i
hT

tx

i

!
=

 
G11 G12

G21 G22

! 
a
(0)
x

h
(0)
tx

!
. (4.12)

We want to relate the Green’s functions (4.11) to phenomenological transport coef-

ficients. Our goal is to study the electric, thermal, thermoelectric conductivities defined

as  
hJ

x

i
hQ

x

i

!
=

 
� ↵T

↵̄T ̄T

! 
E

x

�(r
x

T )/T

!
, (4.13)

where � is the electric conductivity, ↵, ↵̄ are the thermoelectric conductivities, and ̄ is

the thermal conductivity. Q
x

is the heat current, E
x

is an electric field and r
x

T is a

temperature gradient. By taking into account a di↵eomorphism invariance [2, 3], (4.13)

can be expressed as

 
hJ

x

i
hT

tx

i � µhJ
x

i

!
=

 
� ↵T

↵̄T ̄T

! 
i!(a(0)

x

+ µh
(0)
tx

)

i!h
(0)
tx

!
. (4.14)

Comparing (4.14) and (4.12) we have

 
� ↵T

↵̄T ̄T

!
=

 
� iG11

!

i(G11µ�G12)
!

i(G11µ�G21)
!

� i(G22�‘G22(!=0)’+µ(�G12�G21+G11µ))
!

!
. (4.15)

Notice that the term in quotation marks ‘G22(! = 0)’ is subtracted according to the linear

response theory: one has to subtract static term whenever the latter is non-zero [47]. This

is related to the fact that for the causal Green functions, we have to apply source fields

only in the past not in future. Without such subtraction, we would have unphysical pole

– 15 –
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4 DC transport coe�cients

Once we get background solution, we can calculate DC transport coe�cients from the

black hole horizon [7, 8, 12]. In this paper, we concentrate the electric conductivities and

thermoelectric coe�cients.

The longitudinal and transverse electric and thermoelectric conductivities are

�xx =
(F �H2)(F + G2)

(F2 +H2G2)

�xy =
HG(2F + G2 �H2) + ✓(F2 +H2G2)

(F2 +H2G2)

↵xx =
sG(F �H2)

F2 +H2G2
, ↵xy =

sH(F + G2)

F2 +H2G2
, (16)

where

F = r20�
2 +H2

�
1� 14✓2/3

�
+ 16✓qH

G = q � ✓H, s = 4⇡r20. (17)

Details of the derivation are written in Appendix A.

Our result are highly non-linear. So we first give some validity check by taking a few

limits assuming adiabaticity or constant r0. In small � limit,

�xx =
r20�

2

H2
+

3r0
H

M0 + · · · , �xy =
q

H
� 1

µ
M0 + · · · . (18)

The anomalous Hall conductivities and consistent with the calculation from Drude model.

For � = 0, background geometry becomes dyonic black hole and DC conductivities become

�xx = 0, �xy = ⇢/H, ↵xx = 0 and ↵xy = s/H with ⇢ = q. One can also directly check that

(16) gives same answer to the result in [8, 12] when ✓ ⇠ q� ! 0.

�xx = 1 +
µ2

�2
+

16✓µ

r0�2

✓
4

3
� µ2

�2

◆
H +O(H2)

�xy = �16✓ +
µ

r0�2

✓
2 +

µ2

�2

◆
H +O(H2). (19)

In this limit, �xx becomes that of charged black hole with disorder non-vanishing Hall

conductivity. Since axion coupling gives the ferromagnetism, it is natural to have finite

Hall conductivity in the absence of the external magnetic field. This phenomena is called

‘anomalous Hall e↵ect’.

7
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Anomalous	Hall	coefficient	Rs	

Experimental	result	is	shown	
in	right	figure			

and Lippert !1932" established that an empirical relation
between !xy, Hz, and Mz,

!xy = R0Hz + RsMz, !1.1"

applies to many materials over a broad range of external
magnetic fields. The second term represents the Hall-
effect contribution due to the spontaneous magnetiza-
tion. This AHE is the subject of this paper. Unlike R0,
which was already understood to depend mainly on the
density of carriers, Rs was found to depend subtly on a
variety of material specific parameters and, in particular,
on the longitudinal resistivity !xx=!.

In 1954, Karplus and Luttinger !KL" !Karplus and
Luttinger, 1954" proposed a theory for the AHE that, in
hindsight, provided a crucial step in unraveling the AHE
problem. KL showed that when an external electric field
is applied to a solid, electrons acquire an additional con-
tribution to their group velocity. KL’s anomalous velocity
was perpendicular to the electric field and therefore
could contribute to the Hall effects. In the case of ferro-
magnetic conductors, the sum of the anomalous velocity
over all occupied band states can be nonzero, implying a
contribution to the Hall conductivity "xy. Because this
contribution depends only on the band structure and is
largely independent of scattering, it has recently been
referred to as the intrinsic contribution to the AHE.
When the conductivity tensor is inverted, the intrinsic
AHE yields a contribution to !xy#"xy /"xx

2 and therefore
it is proportional to !2. The anomalous velocity is depen-
dent only on the perfect crystal Hamiltonian and can be
related to changes in the phase of Bloch state wave
packets when an electric field causes them to evolve in
crystal momentum space !Chang and Niu, 1996;
Sundaram and Niu, 1999; Bohm et al., 2003; Xiao and
Niu, 2009". As mentioned, the KL theory anticipated by
several decades the modern interest in the Berry phase
and the Berry curvature review here effects, particularly
in momentum space.

Early experiments to measure the relationship be-
tween !xy and ! generally assumed to be of the power-
law form, i.e., !xy$!#, mostly involved plotting !xy !or
Rs" vs !, measured in a single sample over a broad inter-
val of T !typically 77–300 K". As we explain below, com-

peting theories in metals suggested that either #=1 or 2.
A compiled set of results was published by Kooi !1954";
see Fig. 2. The subsequent consensus was that such plots
do not settle the debate. At finite T, the carriers are
strongly scattered by phonons and spin waves. These in-
elastic processes, difficult to treat microscopically even
today, lie far outside the purview of the early theories.
Smit suggested that, in the skew-scattering theory !see
below", phonon scattering increases the value # from 1
to values approaching 2. This was also found by other
investigators. A lengthy calculation by Lyo !1973"
showed that skew scattering at T$%D !the Debye tem-
perature" leads to !xy$!!2+a!", with a as a constant. In
an early theory by Kondo considering skew scattering
from spin excitations !Kondo, 1962", it may be seen that
!xy also varies as !2 at finite T.

The proper test of the scaling relation in comparison
with present theories involves measuring !xy and ! in a
set of samples at 4 K or lower !where impurity scattering
dominates". By adjusting the impurity concentration ni,
one may hope to change both quantities sufficiently to
determine accurately the exponent # and use this iden-
tification to tease out the underlying physics.

The main criticism of the KL theory centered on the
complete absence of scattering from disorder in the de-
rived Hall response contribution. The semiclassical
AHE theories by Smit and Berger focused instead on

FIG. 1. The Hall effect in Ni !data from Smith, 1910". From
Pugh and Rostoker, 1953.

FIG. 2. Extraordinary Hall constant as a function of resistivity.
The shown fit has the relation Rs$!1.9. From Kooi, 1954.

1541Nagaosa et al.: Anomalous Hall effect

Rev. Mod. Phys., Vol. 82, No. 2, April–June 2010

three mechanisms for AHE has been suggested : i) intrinsic one due to anomalous velocity,

ii) side jump, iii) skew scattering. Anomalous part of the Hall resistivity depends on (lon-

gitudinal) resistivity with characteristic power law ⇢xy ⇠ ⇢↵ with ↵ = 2 for i), ii) and ↵ = 1

for iii). Scenario i) was suggested in 1950’s by Karpulus and Luttinger. In modern days, the

anomalous velocity is understood by the Berry phase (va =
e
~E⇥ bBerry) and was argued to

be the dominant cause[Nagaosa][13]. The fundamental interaction in all these mechanism

is the spin-orbit interaction.

What we will show is that both of two scaling behaviours are contained in our exact

result as various limiting cases: coherent regime with sharp Drude peak, has ↵ = 2. Also

if the axionic coupling ✓ is weak, ↵ = 2 while ↵ = 1 for strong coupling. As we increases

disorder parameter � or coupling ✓, the exponent ↵ decreases to 1. Such transition is a

smooth cross over.

We first calculate the resistivity by inverting the conductivity matrix ⇢ = ��1. In the

weak field limit, the Hall resistivity can be written as

⇢H ⌘ RHH +RsM0, (20)

where RH is usual Hall coe�cient and Rs is called anomalous Hall coe�cient. Since there

has been known that Rs has scaling behaviour ⇢↵xx, it is good idea to check whether our

non-linear result contains it as a special limits.

The transverse resistivity is given by

⇢H

���
H=0

=
r20�

6q�
�8q2� + r40(�

2 + µ2)2
:= RsM0, (21)

where we use (15) in the last step. Then the anomalous Hall coe�cient is

Rs =
3

r0µ

1

✓2 + (1 + µ2/�2)2
. (22)

The longitudinal resistivity at H = 0 is

⇢xx =
1 + µ2/�2

✓2 + (1 + µ2/�2)2
. (23)

For small �/µ limit, Rs ⇠ �4 while ⇢xx ⇠ �2. Therefore we have

Rs ⇠ ⇢2xx. (24)

The same behaviour is also obtained for small ✓ limit, that is when q��
2 << r20. Notice that

small beta regime has coherent optical conductivity [14] which has a well defined Drude

8

three mechanisms for AHE has been suggested : i) intrinsic one due to anomalous velocity,

ii) side jump, iii) skew scattering. Anomalous part of the Hall resistivity depends on (lon-

gitudinal) resistivity with characteristic power law ⇢xy ⇠ ⇢↵ with ↵ = 2 for i), ii) and ↵ = 1

for iii). Scenario i) was suggested in 1950’s by Karpulus and Luttinger. In modern days, the

anomalous velocity is understood by the Berry phase (va =
e
~E⇥ bBerry) and was argued to

be the dominant cause[Nagaosa][13]. The fundamental interaction in all these mechanism

is the spin-orbit interaction.

What we will show is that both of two scaling behaviours are contained in our exact

result as various limiting cases: coherent regime with sharp Drude peak, has ↵ = 2. Also

if the axionic coupling ✓ is weak, ↵ = 2 while ↵ = 1 for strong coupling. As we increases

disorder parameter � or coupling ✓, the exponent ↵ decreases to 1. Such transition is a

smooth cross over.

We first calculate the resistivity by inverting the conductivity matrix ⇢ = ��1. In the

weak field limit, the Hall resistivity can be written as

⇢H ⌘ RHH +RsM0, (20)

where RH is usual Hall coe�cient and Rs is called anomalous Hall coe�cient. Since there

has been known that Rs has scaling behaviour ⇢↵xx, it is good idea to check whether our

non-linear result contains it as a special limits.

The transverse resistivity is given by

⇢H

���
H=0

=
r20�

6q�
�8q2� + r40(�

2 + µ2)2
:= RsM0, (21)

where we use (15) in the last step. Then the anomalous Hall coe�cient is

Rs =
3

r0µ

1

✓2 + (1 + µ2/�2)2
. (22)

The longitudinal resistivity at H = 0 is

⇢xx =
1 + µ2/�2

✓2 + (1 + µ2/�2)2
. (23)

For small �/µ limit, Rs ⇠ �4 while ⇢xx ⇠ �2. Therefore we have

Rs ⇠ ⇢2xx. (24)

The same behaviour is also obtained for small ✓ limit, that is when q��
2 << r20. Notice that

small beta regime has coherent optical conductivity [14] which has a well defined Drude

8

For	Intrinsic	deflecLon	/		Side	jump		

Figure 3: Relation between ⇢xx and q0
3 Rs with µ/T = 0.1(black), 1(red), 2(blue), 5(green)

and 10(purple) in log-log plot. q0
3 Rx ⇠ ⇢2xx or ⇠ ⇢xx in small ( large ) �/µ regime. Arrow

direction is increasing � and we fix q� = 1.

peak as if it has quasi particles. Therefore it is not surprising to get the same result with

the fermi liquid. In large �/µ limit, or in the large theta limit Rs and ⇢xx are related by

Rs ⇠ ⇢xx. (25)

The full calculation is shown in Figure 3. Figure 3 show the relation between ⇢xx and Rs

and its log-log plot. For small (large) �, Rx ⇠ ⇢2xx (⇢xx). Notice the sharp transition from

small to large � regime. This behavior does not depend on the temperature.

5 Conclusion

In this paper we consider the magneto-electric interaction from holographic point of view.

When electron spins are correlated, adding charge carrier changes the magnetic property

as well as the charge transport. In e↵ective field theory approach, such crossing electric-

magnetic e↵ect can be implied by adding Chern-Simon term ⇠ A^F in 2+1 dimension. It

act as crossing source of electricity and magnetism. With such term, system can pick up

magnetic source when we provide electric charge and vice versa.

We work at finite temperature, chemical potential, magnetic fields. The metric, gauge

fields and axion scalar fields (gµ⌫ , Aµ, I) are playing the role of coupled order parameters.

We could find exact solution of such complicated coupled system with non-trivial interaction,

which made it possible to get an explicit and analytic result for the DC conductivity.

The back reacted system shows diamagnetic response. Our results on Hall resistivity

shows non-linear diamagnetic response which agrees with that of graphite system and also

with high Tc material BiSrCaCuO. to a surprsing detail. Also DC transport result shows

that our non-linear anomalous Hall coe�cients interpolate the linear and quadratic regime

9

For	skew	scayering	

29	



Known	Theory	for	anmalous	Hall	effect	(Nagaosa	et.al,																				 	
	 	 	 	 	 	 	 	 	 	 	 	 	 	 	)	

the influence of disorder scattering in imperfect crystals.
Smit argued that the main source of the AHE currents
was asymmetric !skew" scattering from impurities caused
by the spin-orbit interaction !SOI" !Smit, 1955, 1958".
This AHE picture predicted that Rs#!xx !"=1". Berger,
on the other hand, argued that the main source of the
AHE current was the side jump experienced by quasi-
particles upon scattering from spin-orbit coupled impu-
rities. The side-jump mechanism could !confusingly" be
viewed as a consequence of a KL anomalous velocity
mechanism acting while a quasiparticle was under the
influence of the electric field due to an impurity. The
side-jump AHE current was viewed as the product of
the side jump per scattering event and the scattering rate
!Berger, 1970". One puzzling aspect of this semiclassical
theory was that all dependence on the impurity density
and strength seemingly dropped out. As a result, it pre-
dicted Rs#!xx

2 with an exponent " identical to that of
the KL mechanism. The side-jump mechanism therefore
yielded a contribution to the Hall conductivity which
was seemingly independent of the density or strength of
scatterers. In the decade 1970–1980, a lively AHE de-
bate was waged largely between the proponents of these
two extrinsic theories. The three main mechanisms con-
sidered in this early history are shown schematically in
Fig. 3.

Some of the confusion in experimental studies
stemmed from a hazy distinction between the KL
mechanism and the side-jump mechanism, a poor under-
standing of how the effects competed at a microscopic
level, and a lack of systematic experimental studies in a
diverse set of materials.

One aspect of the confusion may be illustrated by con-
trasting the case of a high-purity monodomain ferromag-
net, which produces a spontaneous AHE current pro-
portional to Mz, with the case of a material containing
magnetic impurities !e.g., Mn" embedded in a nonmag-
netic host such as Cu !the dilute Kondo system". In a
field H, the latter also displays an AHE current propor-

tional to the induced M=#H, with # as the susceptibility
!Fert and Jaoul, 1972". However, in zero H, time-
reversal invariance !TRI" is spontaneously broken in the
former but not in the latter. Throughout the period
1960–1989, the two Hall effects were often regarded as a
common phenomenon that should be understood micro-
scopically on the same terms. It now seems clear that
this view impeded progress.

In the mid-1980s, interest in the AHE problem had
waned significantly. The large body of the Hall data gar-
nered from experiments on dilute Kondo systems in the
previous two decades showed that !xy#! and therefore
appeared to favor the skew-scattering mechanism. The
points of controversy remained unsettled, however, and
the topic was still mired in confusion.

Since the 1980s, the quantum Hall effect in two-
dimensional !2D" electron systems in semiconductor
heterostructures has become a major field of research in
physics !Prange and Girvin, 1987". The accurate quanti-
zation of the Hall conductance is the hallmark of this
phenomenon. Both the integer !Thouless et al., 1982"
and fractional quantum Hall effects can be explained in
terms of the topological properties of the electronic
wave functions. For the case of electrons in a two-
dimensional crystal, it has been found that the Hall con-
ductance is connected to the topological integer !Chern
number" defined for the Bloch wave function over the
first-Brillouin zone !Thouless et al., 1982". This way of
thinking about the quantum Hall effect began to have a
deep impact on the AHE problem starting around 1998.
Theoretical interest in the Berry phase and in its relation
to transport phenomena, coupled with many develop-
ments in the growth of novel complex magnetic systems
with strong spin-orbit coupling !notably the manganites,
pyrochlores, and spinels", led to a strong resurgence of
interest in the AHE and eventually to deeper under-
standing.

Since 2003 many systematic studies, both theoretical
and experimental, have led to a better understanding of
the AHE in the metallic regime and to the recognition
of new unexplored regimes that present challenges to
future researchers. As it is often the case in condensed
matter physics, attempts to understand this complex and
fascinating phenomenon have motivated researchers to
couple fundamental and sophisticated mathematical
concepts to real-world material issues. The aim of this
review is to survey recent experimental progress in the
field and to present the theories in a systematic fashion.
Researchers are now able to understand the links be-
tween different views on the AHE previously thought to
be in conflict. Despite the progress in recent years, un-
derstanding is still incomplete. We highlight some in-
triguing questions that remain and speculate on the most
promising avenues for future exploration. In this paper,
we focus, in particular, on reports that have contributed
significantly to the modern view of the AHE. For previ-
ous reviews, see Pugh and Rostoker !1953" and Hurd
!1972". For more recent short overviews focused on the
topological aspects of the AHE, see Sinova, Jungwirth,
and Cerne !2004" and Nagaosa !2006". A review of the

a) Intrinsic deflection
Interband coherence induced by an
t l l t i fi ld i i t Eexternal electric field gives rise to a

velocity contribution perpendicular to
the field direction. These currents do
not sum to zero in ferromagnets.

Electrons have an anomalous velocity perpendicular to
the electric field related to their Berry’s phase curvaturenbEe

k
E

dt
rd

!"
#
#$

!
"

!

"

b) Side jump

The electron velocity is deflected in opposite directions by the opposite
electric fields experienced upon approaching and leaving an impurity.p p pp g g p y
The time-integrated velocity deflection is the side jump.

c) Skew scattering

Asymmetric scattering due toAsymmetric scattering due to
the effective spin-orbit coupling
of the electron or the impurity.

FIG. 3. !Color online" Illustration of the three main mecha-
nisms that can give rise to an AHE. In any real material all of
these mechanisms act to influence electron motion.
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and Lippert !1932" established that an empirical relation
between !xy, Hz, and Mz,

!xy = R0Hz + RsMz, !1.1"

applies to many materials over a broad range of external
magnetic fields. The second term represents the Hall-
effect contribution due to the spontaneous magnetiza-
tion. This AHE is the subject of this paper. Unlike R0,
which was already understood to depend mainly on the
density of carriers, Rs was found to depend subtly on a
variety of material specific parameters and, in particular,
on the longitudinal resistivity !xx=!.

In 1954, Karplus and Luttinger !KL" !Karplus and
Luttinger, 1954" proposed a theory for the AHE that, in
hindsight, provided a crucial step in unraveling the AHE
problem. KL showed that when an external electric field
is applied to a solid, electrons acquire an additional con-
tribution to their group velocity. KL’s anomalous velocity
was perpendicular to the electric field and therefore
could contribute to the Hall effects. In the case of ferro-
magnetic conductors, the sum of the anomalous velocity
over all occupied band states can be nonzero, implying a
contribution to the Hall conductivity "xy. Because this
contribution depends only on the band structure and is
largely independent of scattering, it has recently been
referred to as the intrinsic contribution to the AHE.
When the conductivity tensor is inverted, the intrinsic
AHE yields a contribution to !xy#"xy /"xx

2 and therefore
it is proportional to !2. The anomalous velocity is depen-
dent only on the perfect crystal Hamiltonian and can be
related to changes in the phase of Bloch state wave
packets when an electric field causes them to evolve in
crystal momentum space !Chang and Niu, 1996;
Sundaram and Niu, 1999; Bohm et al., 2003; Xiao and
Niu, 2009". As mentioned, the KL theory anticipated by
several decades the modern interest in the Berry phase
and the Berry curvature review here effects, particularly
in momentum space.

Early experiments to measure the relationship be-
tween !xy and ! generally assumed to be of the power-
law form, i.e., !xy$!#, mostly involved plotting !xy !or
Rs" vs !, measured in a single sample over a broad inter-
val of T !typically 77–300 K". As we explain below, com-

peting theories in metals suggested that either #=1 or 2.
A compiled set of results was published by Kooi !1954";
see Fig. 2. The subsequent consensus was that such plots
do not settle the debate. At finite T, the carriers are
strongly scattered by phonons and spin waves. These in-
elastic processes, difficult to treat microscopically even
today, lie far outside the purview of the early theories.
Smit suggested that, in the skew-scattering theory !see
below", phonon scattering increases the value # from 1
to values approaching 2. This was also found by other
investigators. A lengthy calculation by Lyo !1973"
showed that skew scattering at T$%D !the Debye tem-
perature" leads to !xy$!!2+a!", with a as a constant. In
an early theory by Kondo considering skew scattering
from spin excitations !Kondo, 1962", it may be seen that
!xy also varies as !2 at finite T.

The proper test of the scaling relation in comparison
with present theories involves measuring !xy and ! in a
set of samples at 4 K or lower !where impurity scattering
dominates". By adjusting the impurity concentration ni,
one may hope to change both quantities sufficiently to
determine accurately the exponent # and use this iden-
tification to tease out the underlying physics.

The main criticism of the KL theory centered on the
complete absence of scattering from disorder in the de-
rived Hall response contribution. The semiclassical
AHE theories by Smit and Berger focused instead on

FIG. 1. The Hall effect in Ni !data from Smith, 1910". From
Pugh and Rostoker, 1953.

FIG. 2. Extraordinary Hall constant as a function of resistivity.
The shown fit has the relation Rs$!1.9. From Kooi, 1954.
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Our	results	from	holography	

three mechanisms for AHE has been suggested : i) intrinsic one due to anomalous velocity,

ii) side jump, iii) skew scattering. Anomalous part of the Hall resistivity depends on (lon-

gitudinal) resistivity with characteristic power law ⇢xy ⇠ ⇢↵ with ↵ = 2 for i), ii) and ↵ = 1

for iii). Scenario i) was suggested in 1950’s by Karpulus and Luttinger. In modern days, the

anomalous velocity is understood by the Berry phase (va =
e
~E⇥ bBerry) and was argued to

be the dominant cause[Nagaosa][13]. The fundamental interaction in all these mechanism

is the spin-orbit interaction.

What we will show is that both of two scaling behaviours are contained in our exact

result as various limiting cases: coherent regime with sharp Drude peak, has ↵ = 2. Also

if the axionic coupling ✓ is weak, ↵ = 2 while ↵ = 1 for strong coupling. As we increases

disorder parameter � or coupling ✓, the exponent ↵ decreases to 1. Such transition is a

smooth cross over.

We first calculate the resistivity by inverting the conductivity matrix ⇢ = ��1. In the

weak field limit, the Hall resistivity can be written as

⇢H ⌘ RHH +RsM0, (20)

where RH is usual Hall coe�cient and Rs is called anomalous Hall coe�cient. Since there

has been known that Rs has scaling behaviour ⇢↵xx, it is good idea to check whether our

non-linear result contains it as a special limits.

The transverse resistivity is given by

⇢H

���
H=0

=
r20�

6q�
�8q2� + r40(�

2 + µ2)2
:= RsM0, (21)

where we use (15) in the last step. Then the anomalous Hall coe�cient is

Rs =
3

r0µ

1

✓2 + (1 + µ2/�2)2
. (22)

The longitudinal resistivity at H = 0 is

⇢xx =
1 + µ2/�2

✓2 + (1 + µ2/�2)2
. (23)

For small �/µ limit, Rs ⇠ �4 while ⇢xx ⇠ �2. Therefore we have

Rs ⇠ ⇢2xx. (24)

The same behaviour is also obtained for small ✓ limit, that is when q��
2 << r20. Notice that

small beta regime has coherent optical conductivity [14] which has a well defined Drude
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Figure 3: Relation between ⇢xx and q0
3 Rs with µ/T = 0.1(black), 1(red), 2(blue), 5(green)

and 10(purple) in log-log plot. q0
3 Rx ⇠ ⇢2xx or ⇠ ⇢xx in small ( large ) �/µ regime. Arrow

direction is increasing � and we fix q� = 1.

peak as if it has quasi particles. Therefore it is not surprising to get the same result with

the fermi liquid. In large �/µ limit, or in the large theta limit Rs and ⇢xx are related by

Rs ⇠ ⇢xx. (25)

The full calculation is shown in Figure 3. Figure 3 show the relation between ⇢xx and Rs

and its log-log plot. For small (large) �, Rx ⇠ ⇢2xx (⇢xx). Notice the sharp transition from

small to large � regime. This behavior does not depend on the temperature.

5 Conclusion

In this paper we consider the magneto-electric interaction from holographic point of view.

When electron spins are correlated, adding charge carrier changes the magnetic property

as well as the charge transport. In e↵ective field theory approach, such crossing electric-

magnetic e↵ect can be implied by adding Chern-Simon term ⇠ A^F in 2+1 dimension. It

act as crossing source of electricity and magnetism. With such term, system can pick up

magnetic source when we provide electric charge and vice versa.

We work at finite temperature, chemical potential, magnetic fields. The metric, gauge

fields and axion scalar fields (gµ⌫ , Aµ, I) are playing the role of coupled order parameters.

We could find exact solution of such complicated coupled system with non-trivial interaction,

which made it possible to get an explicit and analytic result for the DC conductivity.

The back reacted system shows diamagnetic response. Our results on Hall resistivity

shows non-linear diamagnetic response which agrees with that of graphite system and also

with high Tc material BiSrCaCuO. to a surprsing detail. Also DC transport result shows
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 Diamagnetism in anealed graphite 
(a) (b)

Figure 1: The external magnetic field dependences of the free energy(a) and the magneti-
zation(b) with |q�| = 5, � = 0.5, q = 1 and r0 = 5.
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Figure 2: (a) The external magnetic field dependences of the magnetization with T =
1(red), T = 1.5(blue), T = 2(green) and T = 2.5(black)with q� = 10, � = 2, µ = 0.
(b) Experimental data of annealed highly oriented pyrolytic graphite(HOPG) sample for
T = 150K(rectangle) and T = 300K(circle) in [9].

large value of the external magnetic field. And the slope of the magnetization near zero H

which corresponds to the magnetic susceptibility decreases as temperature increases. Our

result is qualitatively similar to the experimental data for certain graphite sample which

shown in Figure 2 (b).

4 DC transport coe�cients

Once we get background solution, we can calculate DC transport coe�cients from the

black hole horizon [7, 8, 12]. In this paper, we concentrate the electric conductivities and

thermoelectric coe�cients.

The longitudinal and transverse electric and thermoelectric conductivities are

�xx =
(F �H2)(F + G2)

(F2 +H2G2)

6

SEO,	KY.Kim,	KK.Kim,	Sin			arXiv:1512.08916			
The model and background solution: With motivations described above, we start from

the Einstein-Maxwell-axion action with the Chern-Simons interaction

22S =

Z
d4x

p�g
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16

Z
q�(@�I)

2F ^ F + Sc , (1)

where q� is a coupling, and 2 = 8⇡G and L is the AdS radius and we set 22 = L = 1. Sc is the

counter term which is necessary to make the action finite. Explicit form of Sc is written in (25)

at the end of this paper. The axion (�I) which is linear in {x, y} direction breaks translational

symmetry and hence gives an e↵ect of momentum dissipation [32]. Instanton density coupled with

the axion can generate magneto-electric property: if we add charge, non-trivial magnetization is

generated. The equations of motion are rather long so we wrote it in (26) at the end.

As ansatz to solutions, we use the following form

A = a(r)dt+
1

2
H (xdy � ydx) ,

�
1

= � x , �
2

= � y ,
(2)

with the metric ansatz

ds2 = �U(r)dt2 +
dr2

U(r)
+ r2(dx2 + dy2) . (3)

From the equations of motion, we found exact solution
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where µ is a free parameter interpreted as the chemical potential and q and m
0

are determined

by the condition At(r0) = U(r
0

) = 0 at the black hole horizon(r
0

). q is the conserved U(1) charge

interpreted as a number density at the boundary system. m
0

turns out to be half of the energy

density (9) and � is related to momentum relaxation rate.

q = r
0

µ+
1

3
✓H with ✓ =

�2q�
r2
0

,

m
0

= r3
0

+
r2
0

µ2 +H2 � 2�2r2
0

4r
0

+
✓2H2

45r
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.

(5)

The solution (4) reproduces the dyonic black hole solution with momentum relaxation [12] when

q� vanishes.

Diamagnetic response: The thermodynamic potential density W in the boundary theory

is computed by the Euclidean on-shell action SE of (25): SE ⌘ V
2

W/T ,V
2

=
R
dxdy using the

solutions (2)-(3).

W = �r3
0
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not natural. This can be traced to the fact that if we simply scale " by r0 to balance

the dimension of M and H, the energy contains H2/2, which should be subtracted

from the free energy when we calculate the magnetisation by taking its derivative, as

argued by Landau and Lifshitz in section 32 of [LL][11]. The best way to proceed is

to introduce F = r0"� 1
2H

2 and calculate the magnetisation from there.

Now, we have

M = � @F

@H

���
fixed r0,q,�

=
1

3
✓q � 1

5
✓2H, with ✓ =

�2q�
r20

. (14)

Both terms are consequence of axionic coupling. The first term is proportional to the charge

of the system and gives ferromagnetism. The second term represents back reaction of the

system to external magnetic field and gives diamagnetism. For non-adiabatic process, r0

and hence ✓ is a function of H and T and there is nontrivial feature in the magnetization

as we can see from Eq. (6). The magnetization at H = 0, M0, can be written as a function

of temperature and chemical potential explicitly,

M0 =
µ�2q�
3r0

=
2µ�2q�

4⇡T +
p
16⇡2T 2 + 3(µ2 + 2�2)

. (15)

For given µ, � and q�, M0 has maximum value at zero temperature, and decreases as 1/T

for large temperature. When µ � �, M(T = 0) ⇠ �2q�.

• Adiabatic process in canonical ensemble: Here r0 remains as a constant and the tem-

perature varying as we change external magnetic field from (6). The magnetisation (14) is

linear in H with diamagnetic sign. However, for fixed r0 and q, H cannot be arbitrarily

large due to the positivity condition of the temperature.

• Since our definition of q� includes the sign of H, there is jump between two branches.

See, Figure 1.

Figure 1 (a) shows the external magnetic field dependence of the free energy ✏free =

"+ µq. Blue line denotes q� = �5 and red line is for q� = 5. Inset in the figure is zooming

up near = 0. For negative H, negative q� branch is energetically favored and for positive H,

positive q� becomes physical. Two branches are exchanged at H = 0. Figure 1 (b) represent

the magnetization of physical branch.

• Isothermal case: For fixed temperature (6) is 8th order equation in r0 can be solved

numerically. The result of the magnetization as a function of the external magnetic field is

drawn in Figure 2 (a).

In Figure 2 (a), we draw the external field dependence of the magnetization for di↵erent

temperature. Di↵erent from adiabatic process, the magnetization seems to be saturated for

5
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Pseudo	Gap	in	opLcal	conducLvity	
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Figure 1: �-dependence of electric conductivity: �/T = 0, 3, 5, 7 (dashed, red, green, blue) with µ/T =

6, B2/T = 0

2 4 6 8 10
Ω!T

1

2

3

4

5
Re"Σxx#

(a) |q
�

| = 3

2 4 6 8 10
Ω!T

!1.0

!0.5

0.5

1.0

1.5

2.0

2.5

Im"Σxx#

(b) |q
�

| = 3

Figure 2: �-dependence of electric conductivity: �/T = 0, 3, 5, 7 (dashed, red, green, blue) with µ/T =

6, B2/T = 0
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Figure 3: �-dependence of electric conductivity: �/T = 0, 3, 5, 7 (dashed, red, green, blue) with µ/T =

6, B2/T = 0
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Similarity?																		S-O	induced	Moy	phenomena	in	Sr2IrO4															

•  B.	J.	Kim,	Hosub	Jin,	S.	J.	Moon,	J.-Y.	Kim,	B.-G.	Park,	C.	S.	Leem,	Jaejun	Yu,	T.	
W.	Noh,	C.	Kim,	S.-J.	Oh,	J.-H.	Park,	V.	Durairaj,	G.	Cao,	and	E.	Rotenberg	
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O 1s XAS at 80K
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FIG. 4: (Color Online) (a) Optical conductivity. Peak A and B corresponds to transitions denoted

in Fig. 1(d). (b) The O 1s polarization dependent XAS spectra (dotted lines) compared with

expected spectra (solid lines) under an assumption of xy:yz:zx = 1:1:1 ratio. xy and yz/zx denote

transitions from in-plane oxygens while yz′/zx′ from apical oxygens, and the energy difference

corresponds to their different O 1s core-hole energies [21].
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Conclusion	

•  A	NEW	field	theory	method	for	strongly		correlated	syst
embased	on	holography	is	coming.	

•  To	idenLfy	the	system	we	need	to	idenLfy	key	interacLo
ns	in	bulk	local	field	theories.		

•  We	considered	magneto-electric	term.	The	result	is	surp
risingly	good.	
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